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1. (o) Anpoodibpiotn popph: eletdlovpe to 31:1_15(1) I’i("f,“)%z-x = lim 15592, ‘Eyoue nék

-0

. . 1- 1 i _1
anpoabibpia T popet: eXetdlouys to lim 1—(3%,“% = lim 2% = 5. ‘Apx,

tim 2= sing _ _J:
0 3 6
({31) ¥ ne“": o oot dpog TG oepds efvan 0 a, = ne™™ > 0. Iupatnpobue éu
El — 1 < 1. 'Ap, 1 ouipd ouyxhiver.
(pz) T, (- —sinl): o n-0otég bpog tng oeipds elvar 0 @y = L ~sinl > 0 (Bibm,
sinz < = ato (0,1]). And 1o (o) éyoupe

An6 10 opraxd xpithipio alyxpiang, 1 oepd oupnepipépetar bpowa pe Ty Sooo 1 k. Anhabi,
ouyxAlver.

2. (o) Oévoupe u = . Tére, di = —FHdu xu
1 x
S R PR i O P f lu)
F"(:-':)—-[ar T3 du-—fl &3 du=z v du.
Apa,
F'(:c):f (p(u)d +z ap(a:) fzf(—;‘-)-du+—¢—(-ﬂ.
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(B) Bewpolye ™ ouvdptnoy f(x) = /z oo [0, 1] xn 1 Biopépion P = {0 =2¢ < 71 <
oo £ 2y = 1}, bn0v T = %, k=0,1,...,n. Tére,

VI4VE+ bR _1en  fayaz =2
T = Y Sl = V) | a3,

3. H f ebvan gparypévn, dpa undpyer M > 0 dote |f(z)] < M vy xdde z € [0,1]. Eow
€ > 0. EmMéyoupe 0 < o < 1 apxetd pixpd wate va ixavoroelte n 2Ma < §. Ané

vrddean, v f eivan ohoxhnpidaown ato ldomua [a, 1], dpa undpyer Sapépion Q Tou [a, 1]
e v Didtnta

U(£,Q) - LA Q) < 5
Bcwpolye T Swpépion P = {0} UQ ~ou [0,1]. Tére,
U(f,P) = L(f, P) = a(Mp — mo) + U(£,Q) - L(£,Q) < (Mo — ma) + ,
énau
My=sup{f{z):0<zx<a}<M xu mg=inf{f(z):0<z<a}>~-M
Arnd 1 redeurade aviobres nafpvoupe Mp — mo < 2M, dpa

. 15 & £
U(f,P)—L(f,P)<2Ma+§< 5+5=



Aré 1o xprriipro tov Riemann, v f efven ohoxAnpdey oo [0, 1].

4. Daxdde i = 1,...,n, 1 [ ebvon ovveyi dagoplown ovo [ti-1,t]. And to bebrepo
depehddec dedpnua Tou Anepootixol Aoyiouch (v 7 ouveyd cuvéptney f) éyoups

ty
< f 1l

() = F(tiy)| = ’ L " e

Apa,
31t - f(t.-l)t<5_‘, [ F@)dt = f 1@ at.

izl

5. (a) H ouvdpmon f(z) = = efvan xupth xou opotbpopga suveyis, agold |f (:t) - fwl <
Iz — ¥l yix xdde x,y € R (6hhn emdoyk: f(z) = |z{). H ouvdpmnon g(z) = 22 ehva xupth,
ald oy op.o:ép,op(fa ouvexfic: av dewphoouye g weohoudies n = n + 1 xut g = m,
€YOUYE Tn — yn—;“"o‘dl&f(zn) f(yn)—'2+"!—’2?"‘0
(B) Eotw 6mi n f dev elvar orodepd. Trépyouv = # y oo R ye f(z) < f(y). Awnplvovps
dho nepinrdion:
1. z < y: Bow z > y. Tére,

16) - £() _ §(z) - £5)

— *

Y-z z—y

Bnhadd

f(y) (x) =1,

fz) 2 Alz) .= flw) + y).

HNapatrpolye 6t ﬂ%géﬂﬂ > 0, dpa z-llr-}l-loo A(z) = +o0c. Eneta 61t n f Sev ebvon dvew

Pparypév.
2. y<z Bow z <y Thre,

1)~ £&) _ f@) = £(5)
y—-z ~ z-y

v

Srhadh
He) 2 B(z) = ) - 1821 (‘”(y 2).

Hopatnpotue ént ﬂ%{-"}ﬂ < 0, dpa zEer B(z) = +oo. 'Enera én n f dev eha dve

Ppeevpévn.
6. Av wa cuveyic ouviptnon g : R — R wavorowel thv

) o@) =1+ fo " g(e) dt

yw xdde z € R, 161€ cbvon Sragopiown (to deiié péhog ebvn dagopiown ouvdptnon) xa
¢(z) = g(z) ywa xéde = € R. Exlong, g{0) = 1.

Bewpolus v f(z) = e g{z). Téte, f'(z) = e 2(¢'(2z) — g(x)) = 0 yix xdde z € R.
‘Apa, n f ebvon otadeph. Anhadi, urdpyer ¢ € R dote g(z) = ce®. Agob g(0) = 1,
BAéroupe 6u g{z) =

Edxoha ehéyyoupe 61t 1) € avonoiel v (+).



7. (o) T vo f ——T—,dx dérovye VI+ 22 =z —t. Tére, z = T’ on’ énou rafpvoupe
dr = ——"a—dtxw:c-i-\/l + 22 =2z — t = —1. Trohoyllove o

1841 2 logt
f:;-_fti—dt = ——/(t+ )dt-—-——-—T-i*C
(1.__</1+E§)2 log(z——v1+xz)+
= - - c.
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(B) I'ax 10 [ log(epz) /nu’z de epupusdloupe ohoxhhpwon xatd wéon:

lorgu(fz?) = [ (—opz) log(cpz) dz
1 /ouv x

= —agz - logleps) + / o9z dz
= —ogz - log(epz) + / ;U%z%dm

1
= —ogz - log{egz) + f iz dr
~o9z - log(sgx) — opx + ¢.

fi

8. (a) Exouye an = 1 xa L"—;ﬁ-l =74 — 1. Apu, 7 coctfva m’wx).wnq ™me E 3
m*& qqqqqq WAL s

elvan fon pe 1. Av oploovpe f(z) = ): £ ovo (-1, 1), 161:8 _f'(x) f "t = —f-z-

CAOXATOVOVTIS X THPRTIPRVTAS 61:!. f (0) 0 ouprepodvoupe omi f(x) = log (1_,) 010

{(-1,1). Av z = 1 radpvouye 17 otiph 2 + n orola aroxhfver, evé av T = —1 nalpvoups
n=1

a0 L3
v evadAdooouoa oepd 3 L'%L 7 orofa guyxhivet.

na=l

(B) Gewptote v 3 S5



